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GALOIS REPRESENTATIONS ASSOCIATED WITH A
NON-SELFDUAL AUTOMORPHIC REPRESENTATION OF GL(3)
TETSUSHI ITO, TERUHISA KOSHIKAWA, AND YOICHI MIEDA
Abstract. In 1994, van Geemen and Top constructed a non-selfdual motive of
rank three over Q conjecturally associated with a cuspidal non-selfdual automorphic
representation of GL3(AQ) of level Γ0(128). They experimentally confirmed the coin-
cidence of the local L-factors at finitely many primes using computer. In this paper,
we shall prove the coincidence of the local L-factors at every prime. To show this,
we use the recent results of Harris-Lan-Taylor-Thorne and Scholze on the construc-
tion of Galois representations, and Grenie´’s results to compare three-dimensional
2-adic Galois representations. We also prove the local-global compatibility at p = 2,
including the case p = ℓ.
1. Introduction
In this paper, we prove that the motive of rank three overQ withQ(
√−1)-coefficients
constructed by van Geemen-Top in [12] is associated with a cuspidal non-selfdual au-
tomorphic representation of GL3(AQ) of level Γ0(128). We shall prove the coincidence
of the local L-factors at every p ≥ 3. We shall also prove the local-global compatibility
at p = 2, including the case p = ℓ.
To the knowledge of the authors, our results give the first example of a non-selfdual
motive of rank three over Q associated with a cuspidal non-selfdual automorphic rep-
resentation of GLn(AQ) (n ≥ 3) whose associated ℓ-adic representations are not “ge-
ometrically polarizable,” more precisely, not odd in the sense of [19, Definition 2.3].
(As explained in ibid., Galois representations appearing in the cohomology of Shimura
varieties are expected to be odd.)
1.1. The results of van Geemen-Top. Before giving the statements of our results,
we briefly recall the results of van Geemen-Top. (See [12] for details.)
We choose a square root
√−1 ∈ C of −1, and fix an isomorphism ιℓ : Qℓ ∼= C
for every ℓ. By decomposing the transcendental part of the ℓ-adic cohomology of a
projective smooth surface S2 whose affine model is
t2 = xy(x2 − 1)(y2 − 1)(x2 − y2 + 2xy),
van Geemen-Top constructed a three-dimensional ℓ-adic representation
ρvGT,ℓ : Gal(Q/Q)→ GL3(Q(
√−1)vℓ).
Here vℓ is the finite place of Q(
√−1) above ℓ given by the fixed isomorphism ιℓ.
A remarkable property of the compatible system {ρvGT,ℓ}ℓ is that it is associated
with a non-selfdual automorphic representation of GL3(AQ). It was discovered exper-
imentally by van Geemen-Top.
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Let Γ0(128) ⊂ SL3(Z) be the subgroup consisting of matrices (aij)1≤i,j≤3 with a21 ≡
a31 ≡ 0 (mod 128). In [12], van Geemen-Top found a group cohomology class
u ∈ H3(Γ0(128),C),
which is an eigenclass for Hecke operators. It can be shown that u is cuspidal. (See
Section 1.3.)
Let π be the cuspidal automorphic representation of GL3(AQ) associated with u.
We decompose π into the restricted tensor product π =
⊗′
p≤∞ πp. By calculating the
action of Hecke operators explicitly, they confirmed the equality of local L-factors
(1.1) det(1− p−sρvGT,ℓ(Frobp)) = L(s, πp)
for every p with 3 ≤ p ≤ 67 and p 6= ℓ. Here Frobp denotes the geometric Frobenius
element. (See Section 2.2.) Later, this result was extended to p ≤ 173 by van Geemen-
van der Kallen-Top-Verberkmoes [11].
Remark 1.1. The cuspidal automorphic representation π is written as πu in [12,
Section 2.4]. It is not unitary because the central character of π is |·|−3. (Here
|·| : A×Q → C× is the ide`le norm.) The functional equation relates L(s, π) and L(3 −
s, π∨), where π∨ is the contragredient representation of π.
1.2. The main results of this paper. In this paper, we shall prove that the equality
(1.1) holds for every p ≥ 3. Moreover, we shall prove that the compatible system
{ρvGT,ℓ}ℓ is associated with the automorphic representation π and they satisfy the
local-global compatibility at p = 2, including the case p = ℓ.
Here is the main theorem of this paper.
Theorem 1.2. Let ℓ, p be prime numbers.
(1) Assume p 6= ℓ. The ℓ-adic representation ρvGT,ℓ is unramified at p if and only
if p 6= 2. Moreover, we have
WD(ρvGT,ℓ|WQp )F-ss ∼= ι−1ℓ recQp(πp).
(2) Assume p = ℓ. The p-adic representation ρvGT,p is de Rham at p with Hodge-
Tate weights 0, 1, 2, each with multiplicity one. It is crystalline at p if and
only if p 6= 2. Moreover, we have
WD(ρvGT,p|Gal(Qp/Qp))F-ss ∼= ι−1p recQp(πp).
Here recQp denotes the local Langlands correspondence for GL3 over Qp as normal-
ized in [18]. Thus ι−1ℓ recQp(πp) is the Weil-Deligne representation over Qℓ associated
with the irreducible admissible representation πp of GL3(Qp).
In Theorem 1.2 (1), the left hand side is the Frobenius semisimplification of the
Weil-Deligne representation associated with the restriction of ρvGT,ℓ to the Weil group
WQp. (See [27, Section 1] for details.) If p 6= 2, the isomorphism in Theorem 1.2 (1) is
nothing but a restatement of the equality of local L-factors (1.1).
Theorem 1.2 (2) concerns the p-adic properties of the compatible system. We follow
the convention that the p-adic cyclotomic character has Hodge-Tate weight −1. The
left hand side of Theorem 1.2 (2) is the Frobenius semisimplification of the Weil-Deligne
representation constructed by Fontaine’s D̂pst-functor. (See [27, Section 1].) If p 6= 2,
Theorem 1.2 (2) means the local L-factor L(s, πp) is equal to the local L-factor of the
p-adic representation ρvGT,p at p given by the crystalline Frobenius via the crystalline
comparison theorem.
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Theorem 1.2 asserts the equality of the L-functions coming from motives and auto-
morphic representations. As usual, it has several standard consequences both on the
motivic side and the automorphic side.
For example, on the motivic side, we have the following results.
Corollary 1.3. The Hasse-Weil L-function of the surface S2 studied by van Geemen-
Top has analytic continuation to the complex plane, and it satisfies a functional equa-
tion.
In fact, the first and the third Betti numbers of S2 are zero. (See [12, Section
3.1].) The transcendental part of H2 is the direct sum of ρvGT,ℓ and the contragredient
representation of ρvGT,ℓ(2), where (2) denotes the Tate twist. (See Remark 3.2.)
On the automorphic side, we have the following results.
Corollary 1.4. The cuspidal non-selfdual automorphic representation π of GL3(AQ) of
level Γ0(128) found by van Geemen-Top satisfies the Ramanujan-Petersson conjecture,
i.e. the local component πp is (essentially) tempered for every p, including p = 2.
Remark 1.5. To the knowledge of the authors, our results give the first example of
a cuspidal non-selfdual automorphic representation of GLn(AQ) (n ≥ 3) such that the
Ramanujan-Petersson conjecture is proved for it and the associated ℓ-adic representa-
tions are not odd in the sense of [19, Definition 2.3]. (See Remark 3.1.)
1.3. Cuspidality of the eigenclass u. The cuspidality of the eigenclass u was pre-
sumably well-known. But it was not stated in [12]. Here we briefly explain how to
associate an automorphic representation π to the eigenclass u without assuming the
cuspidality of u. Then we shall show that u and π are cuspidal.
Let Ẑ be the profinite completion of Z. Let U0(128) ⊂ GL3(Ẑ) be the open compact
subgroup consisting of matrices (aij)1≤i,j≤3 with a21 ≡ a31 ≡ 0 (mod 128). Let R>0
be the multiplicative group of positive real numbers. We consider it as a subgroup of
GL3(R) via the diagonal embedding. The symmetric space of SL3(R) is denoted by
X∞ := SL3(R)/SO3(R).
Then we have an isomorphism
(1.2) GL3(Q)R>0\GL3(AQ)/U0(128)SO3(R) ∼= Γ0(128)\X∞.
Recall that the eigenclass u ∈ H3(Γ0(128),C) is cuspidal (i.e. it belongs to the sub-
space H3! (Γ0(128),C); see [1, Section 2]) if and only if the system of Hecke eigenvalues
given by u is equal to the system of Hecke eigenvalues given by a cuspidal automorphic
representation of GL3(AQ). (See [16, Theorem 4.18] for example.)
If we assume u is cuspidal, we can consider it as a cuspidal automorphic form on X∞
as in [1, Section 2]. Then, by (1.2), we can consider it as a cuspidal automorphic form
on GL3(AQ). We take the cuspidal automorphic representation of GL3(AQ) generated
by it, and twist it by |det|−1. However, if we do not assume u is cuspidal, there does
not seem an easy way to construct an automorphic form on X∞.
We shall overcome this difficulty using Franke’s theorem as follows. The group
cohomology H3(Γ0(128),C) is identified with the cohomology of the left hand side of
(1.2) with coefficients in the constant local system C. Franke proved the existence of
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a decomposition of the following form
H3(GL3(Q)R>0\GL3(AQ)/U0(128)SO3(R), C)
∼=
⊕
{P}
Ext3(Lie(SL3(R)),SO3(R))(C, S∞(GL3(Q)R>0\GL3(AQ))U0(128){P} ).
(See [10, Section 7.6] for details.) The eigenclass u gives an element of one of the
direct summands corresponding to a parabolic subgroup P ⊂ GL3. As explained in
Step 2 of [10, p. 262], it corresponds to a regular algebraic automorphic representation
of GL3(AQ). We denote it by π
′. Then we put
π := π′ ⊗ |det|−1.
Since the central character of π′ is trivial, the central character of π is |·|−3.
Remark 1.6. The reason why we take the (−1)-twist is that the L-factors calculated
by van Geemen-Top in [12] coincide with the L-factors of π. In [12], van Geemen-Top
used Ash-Grayson-Green’s algorithm to calculate Hecke eigenvalues. For details on
the algorithm, see [1, Section 4].
We shall show the automorphic representation π is cuspidal. By the same argument
as in Step 2 of [10, p. 262], there exists a partition 3 =
∑k
i=1 ni and a regular L-
algebraic cuspidal automorphic representation π′i of GLni(AQ) for each i such that
L(s, π′p) =
k∏
i=1
L(s, π′i,p)
for every p 6= 2. (For the definition of L-algebraic representations, see [3, Definition
5.10].) If π were not cuspidal, at least one of n1, . . . , nk is equal to 1. We may assume
n1 = 1. Then π
′
1 : A
×
Q → C× is an algebraic Hecke character, and its local L-factor
L(s, π′1,p) is of the form (1−χ(p)pm−s)−1 for an integer m and a Dirichlet character χ.
Since L(s, π) = L(s−1, π′), the local L-factor L(s, πp) is divisible by (1−χ(p)pm+1−s)−1.
However, an explicit calculation of the local L-factor at p = 5 shows that L(s, π5) does
not satisfy this condition. (See [12, Remark 3.12 (2)].) Therefore, the automorphic
representation π is cuspidal. Consequently, by [16, Theorem 4.18], the eigenclass u is
cuspidal.
Remark 1.7. The automorphic representation π′ = π ⊗ |det| is unitary because π′ is
cuspidal and the central character of π′ is trivial.
Remark 1.8. In principle, it should be possible to confirm the cuspidality of u by
a finite amount of calculation. However, it seems that such calculation was not yet
performed. According to the last paragraph of [11, Section 2.6], there does not exist a
practical algorithm to check the cuspidality of an eigenclass in the group cohomology
unless the level is prime.
1.4. Outline of the proof of Theorem 1.2. We first use recent results on the
construction of ℓ-adic representations of Gal(Q/Q) associated with regular algebraic
cuspidal automorphic representations of GL3(AQ). Such results were proved by Harris-
Lan-Taylor-Thorne [17, Theorem A]. A little later, they were also proved by Scholze
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by a different method [25, Theorem 1.0.4]1. By the Chebotarev density theorem (see
[26, Chapter I, Section 2.2]), the ℓ-adic representations constructed by Harris-Lan-
Taylor-Thorne and Scholze are equivalent.
Let us take ℓ = 2. By the results of Harris-Lan-Taylor-Thorne and Scholze, we have
a three-dimensional semisimple 2-adic representation
ρπ,2 : Gal(Q/Q)→ GL3(Q2)
such that it is unramified outside 2 and ∞, and it satisfies the equality
det(1− p−sρπ,2(Frobp))−1 = L(s, πp)
for every p ≥ 3.
We shall show the equivalence of ρvGT,2 and ρπ,2 using Grenie´’s results [15]. To use
his results, we need to show the image of ρπ,2 is contained in a subgroup conjugate
to GL3(Q(
√−1)v2). Here v2 is the finite place of Q(
√−1) above 2. It does not seem
to follow from the construction of ρπ,2 in [17], [25]. Fortunately, we can prove it us-
ing a representation-theoretic result (see Lemma 2.1). Consequently, ρvGT,2, ρπ,2 are
equivalent, and Theorem 1.2 is proved in the case p 6= 2 and p 6= ℓ. By the Cheb-
otarev density theorem, ρvGT,ℓ is equivalent to the semisimple ℓ-adic representation
ρπ,ℓ associated with π.
Once Theorem 1.2 is proved in the case p 6= 2 and p 6= ℓ, it is standard to deduce
Theorem 1.2 in the case p 6= 2 and p = ℓ by comparing the characteristic polynomials
of Frobenius acting on the ℓ-adic cohomology and the crystalline cohomology.
If p = 2, there is another difficulty: the local-global compatibility was not fully
established in [17], [25]. We shall use a rather indirect argument to prove Theorem
1.2 in the case p = 2.
If p = 2 and p 6= ℓ, we shall use the recent results of Varma on the local-global
compatibility up to semisimplification [30]. It implies ρvGT,ℓ ∼= ρπ,ℓ satisfies Theorem
1.2 (1), except possibly for the equality of the monodromy operators. We shall show
the equality of the monodromy operators by the method of Taylor-Yoshida [27]. We
have already shown that ρπ,ℓ is equivalent to ρvGT,ℓ. Up to a quadratic twist, ρvGT,ℓ
is embedded in the cohomology of a projective smooth surface; for such ℓ-adic repre-
sentations, the weight-monodromy conjecture is known to be true. From this, we see
that the Weil-Deligne representation associated with ρvGT,ℓ ∼= ρπ,ℓ is pure in the sense
of [27, Section 1, p. 471]. It is well-known that purity implies Theorem 1.2 (1).
Finally, the case p = ℓ = 2 is proved by a combination of Varma’s results and
Ochiai’s ℓ-independence results [22]. We will actually need a slight generalization of
Ochiai’s results for varieties equipped with automorphisms of finite order. We shall
prove it using a trick of unramified twist. (See Lemma 3.6.)
Remark 1.9. A natural question is whether the methods of this paper can be applied
to other motives conjecturally associated with non-selfdual (or selfdual) automorphic
representations. Note that van Geemen-Top constructed several motives of rank three
over Q; see [12], [13], [14], [11]. It is an interesting problem to study them by the
methods of this paper. However, it is not clear whether the methods of this paper can
be applied to ℓ-adic representations which are ramified at some places outside 2,∞. In
this paper, we crucially use Grenie´’s results to compare 2-adic representations. Grenie´’s
1At the time of writing of this paper, the main results of Scholze in [25] are still conditional. But,
since we work only over Q, the results we need in this paper were unconditionally proved in [25]. (See
[25, Remark 5.4.6].)
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results depend on rather special properties of a tower of number fields unramified
outside 2,∞. (See Theorem 2.2. See also [15, Section 4].)
1.5. Outline of this paper. The outline of this paper is as follows. In Section
2, we recall basic results on Galois representations. We also recall Grenie´’s results.
In Section 3, we recall the results of van Geemen-Top on the construction of the
compatible system {ρvGT,ℓ}ℓ. In Section 4, we briefly recall the results of Harris-Lan-
Taylor-Thorne and Scholze on the construction of ℓ-adic representations. Finally, in
Section 5, we prove Theorem 1.2.
2. ℓ-adic representations of Gal(Q/Q)
In this section, we recall basic results on Galois representations. We also fix notation
used in this paper.
As in Introduction, we choose a square root
√−1 ∈ C of −1, and fix an isomorphism
ιℓ : Qℓ ∼= C for every ℓ. For an element a ∈ C, its complex conjugate is denoted by ac.
2.1. ℓ-adic representations. Let ℓ be a prime number. An ℓ-adic representation of
Gal(Q/Q) means a continuous homomorphism
ρ : Gal(Q/Q)→ GLn(E)
for some n ≥ 1. Here E is a finite extension of Qℓ or E = Qℓ. For a subfield E ′ ⊂ E,
we say that ρ is defined over E ′ if the image of ρ is contained in a subgroup conjugate
to GLn(E
′). Any ℓ-adic representation over Qℓ is defined over a finite extension of Qℓ.
(See [2, Lemme 2.2.1.1], [9, Corollary 5].)
Let ρ be an ℓ-adic representation defined over E. Then the trace Tr ρ(σ) is in E
for every σ ∈ Gal(Q/Q). But, it is not always the case that ρ is defined over the
field generated by the traces of elements in the image of ρ. At least for a semisimple
representation, there is a simple criterion for it to be defined over the field generated
by the traces.
The following result is presumably well-known. It was used in the proof of [4,
Proposition 3.2.5]. In [5, Proposition 7], Chin proved a similar result for absolutely
irreducible representations.
Lemma 2.1. Let G be a group, and K a field of characteristic 0. Let ρ : G→ GLn(K)
be a semisimple representation defined over K. Let ρ ∼= ρ1⊕· · ·⊕ ρr be an irreducible
decomposition of ρ. Assume that the following conditions are satisfied:
(1) ρ is defined over a finite extension of K.
(2) Tr ρ(g) ∈ K for every g ∈ G.
(3) There is an element g0 ∈ G such that the characteristic polynomial of ρ(g0)
has n distinct roots in K.
Then each ρi (1 ≤ i ≤ r) is defined over K. In particular, ρ is defined over K.
Proof. We shall reduce the proof of this lemma to the case studied by Chin. We
decompose K
⊕n
into irreducible representations:
K
⊕n
= V1 ⊕ · · · ⊕ Vr,
where Vi corresponds to ρi. For each i, we take a non-zero eigenvector vi ∈ Vi of
ρ(g0) with eigenvalue αi, i.e. we have ρ(g0)vi = αivi. By assumption, α1, . . . , αr are
distinct elements of K. Take an element σ ∈ Gal(K/K), and consider the map
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σρ : G → GLn(K). Since the traces of elements of G are contained in K, σρ is
equivalent to ρ as a representation of G. We have the irreducible decomposition with
respect to the action of G via σρ:
K
⊕n
= σ(V1)⊕ · · · ⊕ σ(Vr).
For each i, we have
(σρ(g0))(σvi) = σ(ρ(g0)vi) = σ(αivi) = αi(σvi).
(Recall that σαi = αi because αi is an element of K.) Thus, σ(Vi) contains an
eigenvector of ρ(g0) with respect to the eigenvalue αi. This implies Vi is equivalent to
σ(Vi) as a representation of G. Hence Tr ρi(g) ∈ K for every g ∈ G. By [5, Proposition
7], we conclude that ρi is defined over K. 
2.2. Geometric Frobenius elements. We take a prime number p. The decompo-
sition group at p is denoted by Gal(Qp/Qp) →֒ Gal(Q/Q). It is well-defined up to
conjugation.
We have a natural surjection Gal(Qp/Qp)→ Gal(Fp/Fp). Its kernel, denoted by Ip,
is called the inertia group at p. Let Frobp ∈ Gal(Fp/Fp) be the geometric Frobenius
element defined by x 7→ x1/p (x ∈ Fp). Let WQp ⊂ Gal(Qp/Qp) be the Weil group of
Qp, which is defined by the inverse image of {Frobnp | n ∈ Z}.
We say an ℓ-adic representation ρ is unramified at p if the image ρ(Ip) is trivial.
Otherwise, we say it is ramified at p. (We never consider the notion of “ramification at
∞” in this paper.) We choose a lift F˜robp ∈ Gal(Qp/Qp), and consider it as an element
of Gal(Q/Q) via an embedding Gal(Qp/Qp) →֒ Gal(Q/Q). If ρ is unramified at p,
the image ρ(F˜robp) is well-defined up to conjugation. We denote it by ρ(Frobp), by a
slight abuse of notation. The characteristic polynomial of ρ(Frobp) is well-defined.
2.3. Grenie´’s results. It is well-known that for each n ≥ 1, a finite set of prime
numbers S, a prime number ℓ, and a finite extension E of Qℓ, there exists a finite set
of prime numbers Tn,S,E with S∩Tn,S,E = ∅ such that for any n-dimensional semisimple
ℓ-adic representations
ρ1, ρ2 : Gal(Q/Q)→ GLn(E)
defined over E which are unramified outside S∪{∞}, if the characteristic polynomials
of ρ1(Frobp), ρ2(Frobp) are equal for every p ∈ Tn,S,E, then ρ1, ρ2 are equivalent. (See
[8, The´ore`me 3.1] for example.) Such a set Tn,S,E can be effectively calculated in
principle. However, it can be a huge set in general.
In [15], Grenie´ gave a method to obtain a set Tn,S,E satisfying the above condition.
His result can be applied to ℓ-adic representations satisfying some restrictive conditions
only. (For the precise statement, see [15, Theorem 3].) When it can be applied, it
sometimes gives an efficient criterion to test the equivalence of ℓ-adic representations.
The following result is proved in [15, Section 4].
Theorem 2.2 (Grenie´). Let n ∈ {3, 4}. Let E be a finite totally ramified extension
of Q2. Let
ρ1, ρ2 : Gal(Q/Q)→ GLn(E)
be n-dimensional semisimple 2-adic representations defined over E such that they are
unramified outside 2 and ∞, and they satisfy
det(T − ρ1(Frobp)) = det(T − ρ2(Frobp))
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for p ∈ {5, 7, 11, 17, 23, 31}. Then ρ1, ρ2 are equivalent.
Proof. See [15, Section 4]. 
3. Three-dimensional ℓ-adic representations constructed by van
Geemen-Top
3.1. van Geemen-Top’s construction. In [12], van Geemen-Top studied the coho-
mology of the projective smooth surface over Q with affine model
t2 = xy(x2 − 1)(y2 − 1)(x2 − y2 + 2xy).
This surface was denoted by S2 in [12, Section 3.2]. It admits an automorphism of
order 4, given by
φ : S2 → S2, (x, y, t) 7→ (y,−x, t).
Let ℓ be a prime number. Let vℓ be the finite place of Q(
√−1) above ℓ given by
the fixed isomorphism ιℓ : Qℓ ∼= C. The transcendental part of the ℓ-adic cohomology
is denoted by
TQℓ ⊂ H2e´t((S2)Q,Qℓ).
It is defined by the orthogonal complement of the image of the Chern class map
cl1e´t : NS((S2)Q)⊗Z Qℓ(−1)→ H2e´t((S2)Q,Qℓ)
with respect to the cup product
∪ : H2e´t((S2)Q,Qℓ)×H2e´t((S2)Q,Qℓ)→ H4e´t((S2)Q,Qℓ) ∼= Qℓ(−2).
In [12, Section 3.3], van Geemen-Top proved dimQℓ TQℓ = 6.
Let φ∗ : TQℓ → TQℓ be the pullback by the automorphism φ. We have φ∗ ◦ φ∗ = −1
on TQℓ . (See [12, Section 3.4].) We decompose the Q(
√−1)vℓ-vector space TQℓ ⊗Qℓ
Q(
√−1)vℓ into two eigenspaces
TQℓ ⊗Qℓ Q(
√−1)vℓ = V+ ⊕ V−,
where V+ (resp. V−) is the eigenspace of φ
∗ with respect to the eigenvalue
√−1 (resp.
−√−1). Since φ∗ commutes with the action of Gal(Q/Q), we have a natural action
of Gal(Q/Q) on V+ and V−.
We consider the action of Gal(Q/Q) on V+ twisted by the quadratic character
χ−2 : Gal(Q/Q)→ {±1}
corresponding to Q(
√−2)/Q. The Q(√−1)vℓ-vector space V+ with the twisted action
by χ−2 is denoted by V+ ⊗ χ−2. It gives a three-dimensional ℓ-adic representation
defined over Q(
√−1)vℓ . We denote it by
ρvGT,ℓ : Gal(Q/Q)→ GL(V+ ⊗ χ−2) ∼= GL3(Q(
√−1)vℓ).
Remark 3.1. The ℓ-adic representation ρvGT,ℓ has Zariski dense image in GL3(Qℓ).
(See [19, p. 7, Section 2].) In particular, it is not odd in the sense of [19, Definition
2.3].
Remark 3.2. We can also consider the action of Gal(Q/Q) on V− twisted by χ−2.
We denote it by
ρcvGT,ℓ : Gal(Q/Q)→ GL(V− ⊗ χ−2) ∼= GL3(Q(
√−1)vℓ).
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The cup product on H2e´t((S2)Q,Qℓ) induces a Gal(Q/Q)-invariant perfect pairing
∪ : TQℓ × TQℓ → Qℓ(−2).
It is easy to see that the restrictions of ∪ to V+, V− are trivial. Hence ρcvGT,ℓ is equivalent
to the contragredient representation of ρvGT,ℓ(2), where (2) denotes the Tate twist. The
construction of ρvGT,ℓ depends on the choice of
√−1 ∈ C and ιℓ : Qℓ ∼= C. If we replace√−1 ∈ C by its negative, the ℓ-adic representation ρvGT,ℓ is replaced by ρcvGT,ℓ.
3.2. Properties of ρvGT,ℓ at p (p 6= ℓ).
Proposition 3.3. (1) ρvGT,ℓ is absolutely irreducible. It is unramified outside 2
and ∞.
(2) For any p, ℓ with p 6= ℓ and p 6= 2, the characteristic polynomial of the geometric
Frobenius element at p is written as
ιℓ(det(T − ρvGT,ℓ(Frobp))) = T 3 − bpT 2 + p(bp)cT − p3
for some bp ∈ Q(
√−1). (Here (bp)c is the complex conjugate of bp.)
(3) The element bp ∈ Q(
√−1) in (2) is independent of ℓ 6= p and ιℓ.
(4) For any ℓ 6= 2 and any σ ∈ WQ2 , the characteristic polynomial
ιℓ(det(T − ρvGT,ℓ(σ)))
has coefficients in Q(
√−1). It is independent of ℓ 6= 2 and ιℓ.
Proof. (1), (2) are proved in [12, Section 3.7] except for the absolute irreducibil-
ity. The absolute irreducibility of ρvGT,ℓ is proved in [12, Remark 3.12] and the last
paragraph of [15, Section 4.1].
(3) As explained in [12, Section 3.8], we have
bp = ιℓ(Tr ρvGT,ℓ(Frobp)) =
1
2
ιℓ(Tr(Frobp;TQℓ))−
√−1
2
ιℓ(Tr(Frobp ◦φ∗;TQℓ)).
It is enough to show that Tr(Frobp;TQℓ), Tr(Frobp ◦φ∗;TQℓ) are rational numbers which
are independent of ℓ 6= p. This follows from [12, Proposition 3.6] and [12, Proposition
3.9]. (In fact, Tr(Frobp;TQℓ), Tr(Frobp ◦φ∗;TQℓ) are integers.)
(4) By the same reason as (3), it is enough to show that Tr(σ;TQℓ), Tr(σ ◦ φ∗;TQℓ)
are rational numbers which are independent of ℓ 6= 2. To show this, it is enough
to show that Tr(σ;H2e´t((S2)Q2 ,Qℓ)), Tr(σ ◦ φ∗;H2e´t((S2)Q2 ,Qℓ)) are rational numbers
which are independent of ℓ 6= 2. It follows from Saito’s ℓ-independence results. (See
[24, Theorem 0.1].) 
Remark 3.4. For any ℓ 6= 2, the ℓ-adic representation ρvGT,ℓ is ramified at 2. (See
Remark 5.4.)
Remark 3.5. To prove Proposition 3.3, we do not need the full strength of Saito’s
results. In fact, we can prove Proposition 3.3 using Ochiai’s results and a trick of
unramified twist. (See Lemma 3.6 below.)
3.3. Properties of ρvGT,p at p. Here we consider the case p = ℓ. We shall study the
properties of the p-adic representation ρvGT,p at p.
The following is a slight generalization of Ochiai’s ℓ-independence results [22].
Lemma 3.6. Let p be a prime number, and K a finite extension of Qp. Let X be
a proper smooth variety over K, and f ∈ Aut(X) an automorphism of finite order
defined over K. Let σ ∈ WK be an element in the Weil group of K.
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(1) For ℓ 6= p, the alternating sum of the traces
2 dimX∑
i=0
(−1)iTr(σ ◦ f ∗;H ie´t(XK ,Qℓ))
are rational numbers which are independent of ℓ( 6= p).
(2) Moreover, it is equal to
2 dimX∑
i=0
(−1)iTr(σ ◦ f ∗;WD(H ie´t(XK ,Qp))).
Here WD(H ie´t(XK ,Qp)) is the Weil-Deligne representation associated with the
p-adic representation H ie´t(XK ,Qp) of Gal(K/K). (See [27, Section 1] for de-
tails.)
Proof. If f is the identity, these assertions follow from Ochiai’s results [22, Theorem
B, Theorem D].
If f is not the identity, (1) follows from Saito’s results [24, Theorem 0.1]. If we
could prove Saito’s results in the p-adic case, (2) could follow. However, since such
results are not currently available, we shall use a trick of unramified twist to deduce
both (1) and (2) from Ochiai’s results. (The same trick was used by Deligne-Lusztig
for varieties over a finite field. See [7, p. 119].)
Let q be the number of elements in the residue field of K. For σ ∈ WK , its image
in Gal(Fq/Fq) is written as Frob
n
q for some integer n. We put n(σ) := n. (Here Frobq
is the geometric Frobenius element defined by x 7→ x1/q (x ∈ Fq).)
For ℓ 6= p and σ ∈ WK , we put
t(σ, ℓ) :=
2 dimX∑
i=0
(−1)iTr(σ ◦ f ∗;H ie´t(XK ,Qℓ)),
t(σ, p) :=
2 dimX∑
i=0
(−1)iTr(σ ◦ f ∗;WD(H ie´t(XK ,Qp))).
To prove (1) and (2), it is enough to prove t(σ, ℓ) = t(σ, p) for every ℓ 6= p and every
σ ∈ WK . In the following argument, we fix ℓ 6= p.
We claim that if t(σ, ℓ) = t(σ, p) holds for every σ ∈ WK with n(σ) ≥ 1, then
t(σ, ℓ) = t(σ, p) holds for every σ ∈ WK . It is presumably well-known. (See [23,
Lemma 1] for example.) We briefly give a proof. We may replace H ie´t(XK ,Qℓ) by
the Weil-Deligne representation WD(H ie´t(XK ,Qℓ)). Then the action of the inertia
group on WD(H ie´t(XK ,Qℓ)) (resp. WD(H
i
e´t(XK ,Qp))) factors through a finite quo-
tient. Thus, there is a positive integer r ≥ 1 such that, for every i, the actions of τ r on
WD(H ie´t(XK ,Qℓ)) and WD(H
i
e´t(XK ,Qp)) commute with the actions of every element
of WK . Take an element τ ∈ WK with n(τ) = 1. Let σ ∈ WK be an element. It is an
exercise in linear algebra that if t(τ rs ◦ σ, ℓ) = t(τ rs ◦ σ, p) holds for every sufficiently
large integer s≫ 1, then it also holds for every integer s, including s = 0. From this,
the claim follows.
Further, replacing K by a finite unramified extension of it, it is enough to prove
t(σ, ℓ) = t(σ, p) for every σ ∈ WK with n(σ) = 1.
Let σ ∈ WK be an element with n(σ) = 1. Let d be the order of the automorphism f .
Let Kd/K be the unramified extension of degree d. Taking the twist of X with respect
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to f and Gal(Kd/K), we have a proper smooth variety Xf over K. It is isomorphic to
X over Kd. Since σ is a lift of Frobq, the action of idXf ⊗σ∗ on Xf ⊗K Kd is identified
with the action of f ⊗ σ∗ on X ⊗K Kd. Hence we have
Tr(σ;H ie´t((Xf)K ,Qℓ)) = Tr(σ ◦ f ∗;H ie´t(XK ,Qℓ)).
Similarly, we also have
Tr(σ;WD(H ie´t((Xf )K ,Qp))) = Tr(σ ◦ f ∗;WD(H ie´t(XK ,Qp))).
Therefore, it is enough to prove
2 dimX∑
i=0
(−1)iTr(σ;H ie´t((Xf)K ,Qℓ)) =
2 dimX∑
i=0
(−1)iTr(σ;WD(H ie´t((Xf)K ,Qp))).
It follows from [22, Theorem D]. 
We shall use Lemma 3.6 to compare the properties of the ℓ-adic representation ρvGT,ℓ
with the properties of the p-adic representation ρvGT,p.
The p-adic representation ρvGT,p is de Rham at p because it is, up to a quadratic
twist, embedded as a direct summand into the p-adic cohomology of the projective
smooth surface S2. Let WD(ρvGT,p|Gal(Qp/Qp)) be the Weil-Deligne representation as-
sociated with it. (See [27, Section 1].)
Proposition 3.7. (1) Assume p 6= 2. The p-adic representation ρvGT,p is crys-
talline at p, and we have
ιp(det(T − Frobp;WD(ρvGT,p|Gal(Qp/Qp)))) = T 3 − bpT 2 + p(bp)cT − p3.
Here bp ∈ Q(
√−1) is the same element as Proposition 3.3 (2).
(2) For any ℓ 6= 2 and any σ ∈ WQ2 , we have the equality of the characteristic
polynomials
ι2(det(T − σ;WD(ρvGT,2|Gal(Q2/Q2)))) = ιℓ(det(T − ρvGT,ℓ(σ))).
Proof. If p 6= 2, since Sa has good reduction outside 2, the p-adic representation
ρvGT,p is crystalline at p by the crystalline comparison theorem. (See [28, Theorem
0.2].)
The characteristic polynomial of Frobp in (1) (resp. σ in (2)) can be calculated from
the traces of powers of Frobp (resp. σ). Hence it is enough to prove
ιp(Tr(σ;WD(ρvGT,p|Gal(Qp/Qp)))) = ιℓ(Tr ρvGT,ℓ(σ))
for any σ ∈ WQp and any p 6= ℓ (including p = 2).
The equalities of the traces are known on the subspace of H2 generated by divisors.
As in the proof of Proposition 3.3 (4), it is enough to show the equalities of the traces
of σ, σ ◦ φ∗ on H2. Since the first and the third Betti numbers of S2 are zero (see [12,
Section 3.1]), it is enough to show the following equalities of the alternating sums of
the traces for p 6= ℓ
4∑
i=0
(−1)iTr(σ;WD(H ie´t((S2)Qp,Qp))) =
4∑
i=0
(−1)iTr(σ;H ie´t((S2)Qp ,Qℓ)),
4∑
i=0
(−1)iTr(σ ◦ φ∗;WD(H ie´t((S2)Qp,Qp))) =
4∑
i=0
(−1)iTr(σ ◦ φ∗;H ie´t((S2)Qp,Qℓ)).
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These equalities follow from Lemma 3.6. 
Remark 3.8. The p-adic representation ρvGT,p is crystalline at p if and only if p 6= 2.
(See Remark 5.5.)
4. ℓ-adic representations constructed by Harris-Lan-Taylor-Thorne
and Scholze
Let π be the cuspidal automorphic representation of GL3(AQ) of level Γ0(128) asso-
ciated with the eigenclass u. (See Section 1.3.) Since π is cohomological, we can apply
the results of Harris-Lan-Taylor-Thorne and Scholze on the construction of ℓ-adic rep-
resentations. (See [17, Theorem A], [25, Theorem 1.0.4].) Thus, for every ℓ, we have
a three-dimensional semisimple ℓ-adic representation
ρπ,ℓ : Gal(Q/Q)→ GL3(Qℓ)
such that it is unramified outside 2, ℓ and ∞, and it satisfies the equality
det(1− p−sρπ,ℓ(Frobp))−1 = L(s, πp)
for every p /∈ {2, ℓ}.
The ℓ-adic representation ρπ,ℓ is defined over a finite extension of Qℓ. However,
since the construction of ρπ,ℓ in [17], [25] was achieved by a combination of several
techniques in Galois representations such as congruences and patching lemmas, it is
not clear how to control the image of ρπ,ℓ from its construction.
In practice, we can use Lemma 2.1 to control the image.
Lemma 4.1. Assume ℓ = 2. The 2-adic representation ρπ,2 is defined over Q(
√−1)v2 .
Here v2 is the finite place of Q(
√−1) above 2.
Proof. By Lemma 2.1, it is enough to find an element in the image of Gal(Q/Q)
whose characteristic polynomial has three distinct roots in Q(
√−1)v2 . For example,
ρπ,2(Frob3) and ρπ,2(Frob11) satisfy this condition. In fact, it can be checked that each
of the characteristic polynomials
det(T − ρπ,2(Frob3)) = (T − 3
√−1)(T 2 − (1−√−1)T − 9√−1)),
det(T − ρπ,2(Frob11)) = T 3 + (7 + 10
√−1)T 2 − 11 · (7 + 10√−1)T − 113
has three distinct roots in Q(
√−1)v2 . 
Remark 4.2. For a prime number p with 3 ≤ p ≤ 67, the characteristic polynomial of
ρπ,2(Frobp) has three distinct roots in Q(
√−1)v2 if and only if p ∈ {3, 11, 19, 47, 61}.
(See [12, Section 2.5].)
Remark 4.3. As a corollary of Theorem 1.2, it can be shown that ρπ,ℓ is defined over
Q(
√−1)vℓ for every ℓ.
Remark 4.4. The ℓ-adic representation ρπ,ℓ constructed in [17], [25] was expected to
satisfy the following properties:
(1) ρπ,ℓ is irreducible.
(2) ρπ,ℓ is de Rham at ℓ. It is crystalline at ℓ if and only if ℓ 6= 2.
These properties were not studied in [17], [25]. We do not assume them in this paper.
In fact, we can prove them by comparing ρπ,ℓ with ρvGT,ℓ. (See Theorem 1.2.)
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5. Proof of Theorem 1.2
5.1. The case p 6= 2 and p 6= ℓ. We first consider the 2-adic representations.
Let ρvGT,2 be the 2-adic representation constructed by van Geemen-Top in [12]. (See
Section 3.1.) It is defined over Q(
√−1)v2 by construction. By Proposition 3.3 (1), it
is absolutely irreducible. It satisfies the equality of local L-factors
det(1− p−sρvGT,2(Frobp))−1 = L(s, πp)
for every p with 3 ≤ p ≤ 67.
On the other hand, let ρπ,2 be the semisimple 2-adic representation associated with
π constructed by Harris-Lan-Taylor-Thorne and Scholze. (See Section 4.) It satisfies
det(1− p−sρπ,2(Frobp))−1 = L(s, πp)
for every p ≥ 3. Moreover, by Lemma 4.1, ρπ,2 is defined over Q(
√−1)v2 .
The characteristic polynomials of ρvGT,2(Frobp), ρπ,2(Frobp) are equal for every p
with 3 ≤ p ≤ 67. By Theorem 2.2, we conclude that ρvGT,2, ρπ,2 are equivalent.
Theorem 1.2 is proved in the case p 6= 2 and ℓ = 2.
From this result, it is easy to deduce the case p 6= 2 and p 6= ℓ of Theorem 1.2 by
the following corollary.
Corollary 5.1. For any ℓ, the ℓ-adic representations ρvGT,ℓ and ρπ,ℓ are equivalent.
Proof. By Proposition 3.3 (2),(3), the characteristic polynomials of ρvGT,ℓ(Frobp),
ρvGT,2(Frobp) are equal for every p /∈ {2, ℓ}. On the other hand, since the equality
det(1− p−sρπ,ℓ(Frobp))−1 = L(s, πp)
holds for every p /∈ {2, ℓ}, the characteristic polynomials of ρπ,ℓ(Frobp), ρπ,2(Frobp)
are equal for every p /∈ {2, ℓ}. Thus, the characteristic polynomials of ρvGT,ℓ(Frobp),
ρπ,ℓ(Frobp) are equal for every p /∈ {2, ℓ}. By the Chebotarev density theorem (see [26,
Chapter I, Section 2.2]), ρvGT,ℓ, ρπ,ℓ have equivalent semisimplifications. By Proposi-
tion 3.3 (1), ρvGT,ℓ is absolutely irreducible. Hence ρπ,ℓ is also absolutely irreducible,
and ρvGT,ℓ, ρπ,ℓ are equivalent. 
The proof of Theorem 1.2 in the case p 6= 2 and p 6= ℓ is complete.
5.2. The case p 6= 2 and p = ℓ. Next, we shall prove Theorem 1.2 in the case p 6= 2
and p = ℓ.
The assertion on the Hodge-Tate weights follows from the calculation of the Hodge
numbers of the surface S2 (see [12, Section 3.2]) and the comparison theorem between
de Rham cohomology and p-adic e´tale cohomology (see [29, Theorem A1]).
The assertion for local L-factors follows from Corollary 5.1 and Proposition 3.7 (1).
5.3. The case p = 2 and p 6= ℓ. Here we shall prove Theorem 1.2 in the case p = 2
and p 6= ℓ. For this purpose, we need the recent results of Varma.
In [30], Varma proved the local-global compatibility, up to semisimplification. (See
[30, Theorem (1ss)] for the precise statement.) By Varma’s results, for any ℓ 6= 2,
WD(ρπ,ℓ|WQ2 )F-ss and ι−1ℓ recQ2(π2) are equivalent as representations of the Weil group
WQ2 .
We need to prove the coincidence, up to equivalence, of the monodromy operators.
We shall do it by the method of Taylor-Yoshida [27]. By Corollary 5.1, ρvGT,ℓ, ρπ,ℓ
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are equivalent as ℓ-adic representations of Gal(Q/Q). Thus, we have an equivalence
of Weil-Deligne representations
WD(ρvGT,ℓ|WQ2 )F-ss ∼= WD(ρπ,ℓ|WQ2 )F-ss.
The ℓ-adic representation ρvGT,ℓ is, up to a quadratic twist, embedded as a direct
summand into the ℓ-adic cohomology of S2. (See Section 3.1.) Since the weight-
monodromy conjecture is known to be true for surfaces (see [24, Lemma 3.9]), we see
that WD(ρπ,ℓ|WQ2 )F-ss is pure in the sense of [27, Section 1, p. 471]. (Precisely, the
above argument only gives WD(ρπ,ℓ|WQ2 )F-ss is ιℓ-pure. Applying the whole arguments
to every choice of ιℓ, we see that it is pure.)
The rest of the proof is exactly the same as in [27]. The purity of WD(ρπ,ℓ|WQ2 )F-ss
implies it is mixed as a representation of WQ2 . For every σ ∈ WQ2 , every eigenvalue
α of ρπ,ℓ(σ) is an algebraic number such that |ι(α)|2 is an integer power of 2 for any
embedding ι : Q(α) →֒ C.
Recall that π′ = π ⊗ |det| is a unitary cuspidal automorphic representation of
GL3(AQ). (See Remark 1.7.) As a representation of WQ2, ι
−1
ℓ recQ2(π
′
2) is equiva-
lent to the semisimplification of ρπ,ℓ(1), where (1) denotes the Tate twist. Therefore,
for every σ ∈ WQ2 , every eigenvalue α′ of ι−1ℓ recQ2(π′2) is an algebraic number such that
|ι(α′)|2 is an integer power of 2 for any embedding ι : Q(α′) →֒ C. By [18, Corollary
VII.2.18], π′2 is absolutely tempered. By [27, Lemma 1.4 (3)], the Weil-Deligne repre-
sentation ι−1ℓ recQ2(π
′
2) is pure. Hence its Tate twist ι
−1
ℓ recQ2(π2) = (ι
−1
ℓ recQ2(π
′
2))(−1)
is also pure.
Since both WD(ρπ,ℓ|WQ2 )F-ss and ι−1ℓ recQ2(π2) are pure, the monodromy operators
on them coincide, up to equivalence, by [27, Lemma 1.4 (4)].
The proof of Theorem 1.2 in the case p = 2 and p 6= ℓ is complete.
Remark 5.2. In this paper, we follow the convention that “tempered” means the
twist by a character is a unitary tempered representation. (See also [27, p. 470].)
Remark 5.3. There is a typo in the statement of [27, Lemma 1.4 (3)]; we need the
condition that the absolute values of the central characters of σπ are the same for all
σ : Ω →֒ C. In our situation, since the central character of π′2 (resp. π2) is trivial (resp.
|·|−3), we can apply [27, Lemma 1.4 (3)] to π′2 (resp. π2).
Remark 5.4. The irreducible admissible representation π2 of GL3(Q2) is not un-
ramified, i.e. it does not have a non-zero vector fixed by GL3(Z2). The local-global
compatibility proved as above implies the ℓ-adic representation ρπ,ℓ ∼= ρvGT,ℓ is ramified
at 2 for every ℓ 6= 2.
5.4. The case p = ℓ = 2. Finally, we shall prove the case p = ℓ = 2 of Theorem
1.2. This is the most delicate case because the properties of the associated 2-adic
representation ρπ,2 at 2 were not known by the results of Harris-Lan-Taylor-Thorne
and Scholze. We need to switch to ρvGT,2 to obtain necessary results.
By the same argument as before, in the case p = ℓ = 2, we need to prove the
following:
(1) For every σ ∈ WQ2, we have the equality of the traces
ι2(Tr(σ;WD(ρπ,2|Gal(Q2/Q2)))) = Tr(σ; recQ2(π2)).
(2) The Weil-Deligne representation WD(ρπ,2|Gal(Q2/Q2)) is pure in the sense of [27,
Section 1, p. 471].
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We shall prove (1). Take an auxiliary prime number ℓ′ 6= 2. For every σ ∈ WQ2 , by
the results of Varma (see [30, Theorem (1ss)]), we have
ιℓ′(Tr ρπ,ℓ′(σ)) = Tr(σ; recQ2(π2)).
Hence the assertion follows from Corollary 5.1 and Proposition 3.7 (2).
We shall prove (2). By the same argument as in the case p = 2 and p 6= ℓ, the
2-adic representation ρπ,2|Gal(Q2/Q2) ∼= ρvGT,2|Gal(Q2/Q2) is, up to a quadratic twist,
embedded as a direct summand into the 2-adic cohomology of S2. The purity of
WD(ρπ,2|Gal(Q2/Q2)) is a consequence of the weight-monodromy conjecture for the 2-
adic e´tale cohomology of proper smooth surfaces over 2-adic fields. This follows from
de Jong’s alteration, the comparison theorem in the semi-stable case [28], and the
weight spectral sequence of Mokrane [21].
This completes the proof of the case p = ℓ = 2 of Theorem 1.2.
The proof of Theorem 1.2 is complete.
Remark 5.5. Since π2 is not unramified, the local-global compatibility in the case
p = ℓ = 2 proved as above implies the 2-adic representation ρπ,2 ∼= ρvGT,2 is not
crystalline at 2.
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